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Abstract

We extend the time-independent non-Hermitian Floquet 
formalism1) for high precision calculation of the MPI rates of 
H2+ at internuclear distances (R) from 2.0 to 20.0 a.u. in 
intense laser Þelds with intensity 1! 1014"W/cm2 and 
wavelength 791"nm.  The procedure involves the use of the 
complex-scaling generalized pseudospectral (CSGPS) method 
for non-uniform spatial discretization of the Hamiltonian 
expressed in prolate spheroidal coordinates.  We found that 
the MPI rates strongly depend upon R and are signiÞcantly 
enhanced at several critical distances in good agreement with 
the recent experimental results2).
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Introduction
¥ Multiphoton ionization of H2+ in intense laser Þelds is 

enhanced at certain critical internuclear distances.

¥ Coulomb explosion occurs at critical internuclear 
distances after the ionization process.

¥ Recent experiment estimated critical distances of R~8, 
11, and 15 a.u. from the kinetic energy spectra of 
fragments.2)

¥ Fully ab initio precision calculations of the real 3D H2+ 
system can provide detailed resonance structure and 
dynamical behavior in MPI processes.
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Computational Method

The Hamiltonian of H2+
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Complex-scaling generalized pseudospectral method
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Generalized Pseudospect ral

(GPS) method provides

opt imal non-uniform spat ial

dist ribut ion of grid st ructure.
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Time-independent non-Hermitian Floquet formalism1)

öH = öH0 + F z cos! t.

From the Floquet theorem, ! (r , t) = e−i ! t
∞!

m = −∞

" m (r )ei m " t

where ! : quasienergy, " m : quasienergy-state Fourier component .

The equivalent t ime-independent Floquet Hamilt onian is given by
! öH0 ! m!

"
! m + 1

2 F z [! m ! 1 + ! m + 1] = " ! m .

Wit h lineraly polarized laser Þeld of frequency ω and Þeld

st rength F along the internuclear axis öz

CSGPS applies to the t ime-independent non-Hermit ian Floquet

matrix to determine complex quasienergies.
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Results
Real parts of quasienergies
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R-dependent multiphoton ionization rates
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Charge-resonance: 1! g and 1! u are well 
mixed in Floquet states after R~4 a.u.

Population analysis on 1! g and 1! u 
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wavelength 1064 nm and peak intensity 1014 W/cm2. As-

suming the laser polarization is along the internuclear (zö! )
axis, only the ! electronic states need to be considered.

Figure 1 shows the field-free electron energy levels of

H2
" as a function of internuclear distance R, obtained by the

generalized pseudospectral method discussed in Sec. II. The

two lowest electronic states, 1" g and 1" u , become nearly

degenerate at larger R. In the presence of the external fields,
the electric dipole coupling of 1" g and 1" u is linearly pro-

portional to R and becomes very significant. This phenom-

enon, known as the ‘‘charge resonance’’ #CR$ effect %19&,
occurs only in the odd-charged molecular-ion systems. As

will be exploited in this section, the combined effect of CR

and the multiphoton transitions to excited electronic states is

the main mechanism responsible for the enhanced ionization

phenomenon observed for the molecular-ion systems.

In Figs. 2 and 3, we present the R-dependent real and
imaginary parts of the complex quasienergies of H2

" , re-

spectively, in the presence of the linearly polarized 1064-nm

monochromatic laser field with peak intensity 1014 W/cm2.

The number of grid points used are 46 in the ' coordinate

and 34 in the ( coordinate. Due to the symmetry of the

system, only half of the ( grid points are actually needed. Up
to 121 Floquet photon blocks are used to achieve fully con-

verged results. The largest dimension of the Floquet matrix

considered in this study is 87 120. The complex quasienergy

eigenvalues can be determined accurately and efficiently by

the implicitly restarted Arnoldi algorithm for a complex

sparse matrix previously developed and used for the atomic

resonances %11&. To our knowledge, this is the first success-
ful attempt to perform fully converged Floquet calculations

for low-frequency #1064 nm$multiphoton processes in mo-
lecular systems.

Due to the large number of the electronic and Floquet

blocks involved, the resulting Floquet energy-level structure

is rather complicated. In Fig. 2, we show only those quasie-

nergy states whose major components are the field-free 1" g

and 1" u states. In fact, the information regarding enhanced

ionization can be extracted from these complex quasienergy

states alone. Fig. 2 shows several intriguing behaviors of the

real parts of the quasienergy levels. Firstly, the quasienergy

levels are nearly parallel to each other in the larger internu-

clear separation regime, R# 6a0, and the separation of each
quasienergy curve is equal to the photon frequency ) . On the
other hand, the behavior is quite different at shorter distance

(R$ 5a0). For R close to the equilibrium distance (Re), the

quasienergy levels are separated into two different groups. In

one group, Re(* ) first increases with increasing R and re-

sembles the behavior of the field-free 1" g state. #We shall
call this group the ‘‘lower’’ group.$ In the other group,
Re(* ) first decreases with increasing R and resembles the

behavior of the field-free 1" u state. #We shall call this group
the ‘‘upper’’ group.$Within each group, the separation of

FIG. 1. Electronic energy levels of ! electronic states of field-

free H2
" molecular ion vs internuclear distance R. The proton-

proton Coulomb repulsion energy is not included. The n" g states

are in solid lines, while the n" u states are in dotted lines.

FIG. 2. The real parts of the complex quasienergies vs R. Only
those quasienergy states whose dominant components are from 1" g

and 1" u states are included. Two different groups of quasienergy

states can be identified. The solid lines indicate one representative

quasienergy level from each group.

FIG. 3. The imaginary parts of the complex quasienergies vs R
from the lower and upper groups of quasienergy levels.
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yond the R rangewhere the presentcalculationswere per-
formed,however.

When going from smaller to higher internuclearsepara-
tions and approachingthe next threshold,a seriesof reso-
nanceswith the excitedelectronicstatesof H2

+ is encoun-

tered which causes a signiÞcant enhancementin the
ionization process.In Fig. 4, such a resonanceseries is
clearly seenaround6 a.u.Another large resonanceseriesis
spreadfrom 9 to 17.5a.u.Analogousresonancesin the ion-
ization rateasa function of the internuclearseparationwere

FIG. 5. !Color online" Harmonicgenerationratesof H2
+ in the

upper !dashedline" and lower !solid line" Floquet statesvs the
internuclearseparationR. Shown are the harmonics3 to 7; the
harmonicorder is labeled in eachgraph.The wavelengthof the
laserÞeld is 532 nm andthe intensity is 5! 1013 W/cm2.

FIG. 6. !Color online" Harmonicgenerationratesof H2
+ in the

upper !dashedline" and lower !solid line" Floquet statesvs the
internuclearseparationR. Shown are the harmonics9 to 13; the
harmonicorder is labeled in eachgraph.The wavelengthof the
laserÞeld is 532 nm andthe intensity is 5! 1013 W/cm2.

FIG. 4. Multiphotonionization
ratesof H2

+ in the upper!A" and
lower !B" Floquetstatesvs the in-
ternuclear separationR showing
the resonance-enhancedpatternat
severalR. The wavelengthof the
laser Þeld is 532 nm and the in-
tensity is 5! 1013 W/cm2.
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upper state

1064 nm4)

1! 1014 W/cm2

532 nm3)
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791 nm
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DC Þeld
F=0.053 a.u. (1014 W/cm2)

Dependence on wavelengths
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Conclusion

¥ MPI rates of H2+ as a function of internuclear distance R 
are computed by time-independent non-Hermitian 
Floquet matrix discretized by CSGPS method.

¥ MPI rates strongly depend on R and are strongly 
enhanced at some critical distances.

¥ Rich resonance structures in MPI rates are found for 
short internuclear distances.  Dependence of MPI rate 
peaks on wavelengths can be examined.

¥ To analyze the relation of vibrational levels and ionization 
processes, nuclear motions need to be included.
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